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ABSTRACT

Let &k be an algebraically closed field of characteristic p > 0 and R be a
suitable valuation ring of characteristic 0, dominating the Witt vectors
W (k). We show how Lubin-Tate formal groups can be used to lift those
order p™ automorphisms of k[Z] to R[Z], which occur as endomorphisms
of a formal group over k of suitable height. We apply this result to prove
the existence of smooth liftings of galois covers of smooth curves from
characteristic p to characteristic 0, provided the p-part of the inertia
groups acting on the completion of the local rings at the points of the
cover over k are p-power cyclic and determined by an endomorphism of
a suitable formal group over k.

1. Introduction

The aim of this note is to build on recent work on liftings of galois covers of
smooth curves defined over an algebraically closed field k of characteristic p,
to relative smooth galois covers of curves over a suitable valuation ring R of
characteristic 0, dominating the Witt vectors W (k).

Due to a local-global-principle for lifting galois covers of smooth curves, this
problem reduces to the problem of lifting groups of automorphisms of a formal
power series ring over k to groups of automorphisms of a formal power series
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ring over the valuation ring R dominating W (k). Thus we are led to the study
of finite order automorphisms of the p-adic open disc and the geometry of their
fixed points. In this context those of p-power order are crucial; see, for example,
[G-M1], [G-M2] and [G]. The local-global-principle for liftings gives necessary
and sufficient conditions, whereby liftings of the inertia groups acting on the
completions of the local rings at the points of a galois cover of smooth curves
over k, to smooth galois covers of the p-adic open disc over R, ensures a global
lifting to a galois covering of smooth relative curves over R. The completed local
rings are formal power series rings over k and R respectively, and so provide the
setting for this investigation.

In this short note we show how Lubin-Tate formal groups can be used to lift
those order p" antomorphisms of k[Z] which occur as endomorphisms of a formal
group F over k of suitable height h. This result is proved in Theorem 4.1 and
follows directly from a number of classical results on formal groups, which we
recall in section 3 for the convenience of the reader.

In the final paragraph of section 4 we apply Theorem 4.1 together with the
local-global-principle mentioned above to prove the existence of smooth liftings of
galois covers of smooth curves from characteristic p to characteristic 0, provided
the p-part of the inertia groups acting on the completion of the local rings at the
points of the cover over k are p-power cyclic and determined by an endomorphism
of a suitable formal group over k. Precisely we prove:

THEOREM 4.2: Let f: C — C/G := D be a G-galois cover of proper integral
smooth curves over k. For each y € C we denote the p-part of the corresponding
inertia group by (Iy),. Suppose that (1), is p"v-cyclic and that, if n, > 3, the
embedding (1)), C Autp(Oc,) = Auty(K[Z]) factors through Auty(F(Zy, Zs))
for some one dimensional formal group F(Z,. Z;) over k of height

hy = rpvHp—-1), (rnp)=1.
Let n = maxy(ny) and () be a primitive p"-root of unity. Then f can be lifted

over R = W(k)[()] as a G-galois cover of smooth integral proper R-curves.

2. Motivating questions

SITUATION. Let & be an algebraically closed field of characteristic p > 0, and C
be a proper smooth integral curve of genus g over k. Let R be a complete discrete
valuation ring dominating the ring of Witt vectors W (k) and having uniformizing
parameter 7. We denote the quotient field of R by K, which is assumed finite
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over Quot(IT7(F)). and the covresponding integral and algebraic closures by R
and K.

MOTIVATING QUESTIONS: Let G be a finite subgroup of Auty(C') and suppose
that (" — D = C/G is a finite galois cover of smooth proper integral curves
over k.

1. Global question: Is it possible to find R as above and a finite galois cover
of smooth proper integral relative curves over R. ¢ — D = C/G. which lifts the
given cover (' — D7

2. Local question: Let y € (" and I, be the associated inertia group. so that
I, C .‘-\111’;,»((;)("5,) = Aty (F[Z]) for a suitable parameter Z. Is it possible to find
R as above such that the inertia group lifts to I, C Antg(R[Z])?

Remark:  Clearly if the global question is satisfied, then for each y € C' we have
I, C Autp( CA7L~.!,) & Autp(R[Z]) for a suitable parameter Z. so the local question
is satisfied for cach point y € C'. The converse of this result is also true and is
the local-global-principle for liftings referred to in the introduction. We refer the
reader to [G-M1]. Section I, for details and to [B-M¢] and [He] for alternative
proofs,

HISTORICAL BACKGROUND. For a detailed account on developments related to
this problem we refer to [Se-O]. [02]. [0-Se-S]. [Se-S2]. and [G-M1]. Briefly,
we note that if (|G].p) = 1 the answer to the global question is ves for any R,
by Grothendieck. SGA I If |G| > 84(¢g — 1) then the answer is no. due to a
contradiction using Hurwitz bounds. In chararacteristic p there exist curves C'/k
such that one can choose G with |G| > 84(g — 1). see [Ro], but in characteristic 0
the order of the automorphisin group of a curve of genus ¢ is at most 84(¢g — 1).
One remarks that if G is abelian then, by Nakajima, [N]. the bounds for G C
Aut,(C') are the same in any characteristic and so in this case one doesn't expect
a contradiction using hounds. So one speculates that for such G smooth liftings
may alwayvs exist. and the first case one studies is for G cyclic. The first step
in this direction, proved by Oort- Sckiguchi Suwa in [O-Se-S]. shows that if G
is cyclic of order pe. with (e.p) = 1. the answer is ves if R contains a primitive
p-root of unity, say (.

Following these results it hecame natural to conjecture the following generali-
sation (see [Se-O]. [O1] and [O2]):

OORT SEKIGUCHI CONJECTURE: The answer to the global lifting question is
positive if G is a cvelic group.
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In a number of recent papers (see, for example, [G-M1], [B], [M], [P] and [G])
necessary conditions for the solvability of the lifting problem when the p-parts of
the inertia groups aren’t cyclic are given. Examples of elementary p abelian covers
which cannot be lifted over any R are also given. Concerning the conjecture, one
of the main results of [G-M1] answers it positively for G-galois covers whose
inertia groups are p™e-cyclic with n < 2 and (e, p) = 1. More precisely one has:

THEOREM 2.1 ([G-M1]): Let f: C — C/G := D be a G-galois cover of proper
smooth curves over k. Assume that the inertia groups are p"e-cyclic with n < 2
and (e,p) = 1. Then f can be lifted over R = W (k)[((2)] as a G-galois cover of
smooth R-curves, where () is a primitive p?-root of unity.

By the local-global-principle for liftings the crucial question is the local one,
namely that of the existence of liftings of G-galois covers of formal power series
rings k[[Z]]/k[[Z]]G = k[T] over k (here T =[], Z7), to G-galois covers of the
formal power series rings R[Z] /R[[Z]]G = R[T] over R, for R and G as above.
This is the condition which ensures smoothness of the lifting of curves.

The formal power series ring R[Z] is a two dimensional local ring with maximal
ideal generated by Z and m, and its height one prime ideals are all principal. If
o € Autg(R[Z]) then we can write

G(Z):flo+axZ+a2Z2+a3Z3+...’

where ag € 7R and a; € R*. Observe that reducing the coefficients of ¢ modulo
(w), we obtain a canonical surjective group homomorphism

U: Autp(R[Z]) — Autg(k[Z]).
In view of the discussion above we are interested in the following questions:

LIFTING QUESTIONS: 1. If 7 is a k-automorphism of k[Z] of finite order, when
can we find a lifting of ¢ to an R-automorphism of R[Z] of the the same order,
i.e., an R-automorphism o of R[Z] of the the same order such that ¥(c) =577

More generally, if G is a finite subgroup of Auty(k[Z]), when can one find a
section of G in Autr(R[Z]) with respect to U?

2. If G is a finite group, give criteria depending on the structure of the group
which need to be satisfied in order that a realisation G C Autg(k[Z]) can be lifted
to G C Autp(R[Z]), for some complete discrete valuation ring R dominating
W(k)?

The first question is the one we are concerned with here, for those order p»
automorphisms @, which are also automorphisms of a formal group over k of
suitable height.
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3. Lubin—Tate formal group prerequisites

In this section, for the convenience of the reader we briefly recall the classical
results on formmal groups over fields of characteristic p and Lubin-Tate liftings
to formal groups over the appropriate valuation ring extending the Witt vectors.
These results were obtained by Hasse [H], Lazard [Laz], Tate and Lubin [L-T].
As a general reference we mention the book by Hazewinkel, [Haz]: Precisely,
Theorem 19.4.1, on page 170 and Theorem 20.2.13, on pages 183-187 for the
classical results 3.1 and 3.2, and section 8.1 on pages 4345 and Proposition
18.3.11 on page 152 for the classical results 3.3.

Assume k is a separably closed field of characteristic p and let F be a formal
group defined over k. The ring of F endomorphisms,

Elldk(F(Zl, ZQ)) C k[[Z]],

is defined as follows: «(Z) € Endy(F(Z1, Z2)) if a(0) = 0 and a(F(Z1, Z3)) =
F(a(Z,),a(Z3)). For the ring structure on Endg(F(Z;, Z2)), addition is deter-
mined by the formal group, i.e., (a1 +_ a2)(Z) = F(a1(Z), a3(Z)), and multipli-
cation given by the usual composition of series. Note that with respect to mul-

tiplication (the usual composition law) we have Aut,(F(Z1, Z2)) C Auti(k[Z]).
For a(Z) € Endy(F(Z,, Z5)) the height of o is defined by ht(a) = 0 if a(Z) =
0, and ht(a) = r if ¢ = p” is the highest power such that o(Z) = 3(Z%), where

B(Z9) € k[Z7]. The height of F is defined to be

ht(F) = ht([p}z).

where
[p]f:Z+FZ+F“~+FZ,

addition p-fold. Having introduced the above notations we recall the following
classical results we need:

CrassiCAL RESULTS 3.1: Over a separably closed field of characteristic p the 1
dimensional formal groups F are classified up to isomorphism by their heights.
Further, if Wt(F) = h and q = p", then

(i) F is defined over F, and E), := Endg,(F(Z,. Z2)) = Endy.(F(Z1, Z»));

(ii) Ej is a free module of rank h? over Z,;

(iv) E}, is the maximal order of Dp:

)
(iii) Dy = Ey, > Q, is a division algebra of rank h? over Q,;
)
(v) the center of Dy, is Q,.
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CrassiCAL RESULTS 3.2: In the above situation of the division algebra Dy, over
Q-
(1) There is a unique cxponential valnation. say v. extending that on Q, to
Dy,.
(il E, ={x € Dy :v(r)>0}.
(iii) The Skolem Noether Theorem: For any subficlds L. L' of Dy, if L =2 L'
over Q,, then this isomorphism extends to an inner antomorplisur of Dy,
(iv) Anyv extension of Q, of degree h. say L. can be cmbedded in Dy, as a
waximal subficld.
(v) Let ¢ denote the ramification index of Dy, over Q,, aud [ the residae class
degree. Then o = f = h.
(vi) If Dy, contains a primitive p"-root of unity. then p"="(p - 1)|h.

C'LASSICAL RESULTS 3.3: Let R = W{(F,)[((,)] with patameter 7. where g = p'.
h=rp"~Yp—1) with (r.p) = 1 and ¢,y Is a primitive p"-root of uuityv. Then
F(Z1.2) == 7 (20 + ilZs)). where f(Z) == Z + 77 fi(Z"") defines a
Lubin-Tate formal group such that:

(1) the map ¢v: R — Endg(Fi(Z,. Z,)) defined by

la) = [a]i(Z) = f7  afl2))

is an injective ring homomorphism:

(ii) [0]p(2) = aZmod Z? and [7]p(Z) = Z" modw:

(iii) Fi(Z1. Z2). obtained by reducing the cocfficients of Fi(Zy. Z) mod . is a
formal group over T, of height h:

(iv) the map v: Endg(Fi(Z,.Z2)) — Ends, (Fi(Zy. Z2)). obtained by redneing

coefficients modulo 7. is an injective ring homomorphism.

4. Lifting order " formal group automorphisms

In this section we prove the following theorem:

THEOREM 4.1: Let b he a separably closed field of charactovistic p > 0 and n he
a positive integer. Suppose G is an order p" exelic gronp and that in the diagram
helow the morphism i factors through Aut.(F(Z,. Z,)) for some one dimensional

formal group E(Z,. Zy) over k of height h = rp"~"(p—1). (r.p) = 1:

Auty, (K[Z]) <— Aut (F(Zy. Za))

,-I /

7
T
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Then i(G) C Auts (F,[Z]) C Auty(F[Z]). where q = p". and there exists a
lifting of i: G — Auts (F, [Z]) over R = TW(F,)[(]. which makes the diagram

_\IIT[{(R[[Z]]) — Allf’q (]F‘I [[Zﬂ) ~— Auts (f(Z, Z5))

I "

G

comnnitative.

Proof: W first note that using the classical results from section 3 it follows that
Ell(l[;(?(Z] . Z_))) = Eud ?v (F(Z| . Z_))) = Ell(l:‘q (F[(Z| . Zg))

and that '
R < Endp(Fi(Z,.25)) N Ends, (F(Z,.2,)) = E}.

We set 0 = v o ¢ and observe that it is an injective ring homomorphisi. Next
we set T = 0((,,y) € Ej. a primitive p”-root of unity. Note that if 7 € E}, is any
other primitive p”-root of unity. then in Dy, the @Q,-isomorphism

Q,(7) = Q,(7)

extends to an inner automorphism of Dy by the Skolem Noether Theorem (see
3.2(iii)). Hence @ = 575! for some 5 € Dy,.

We next recall that if IT is any uniforinizing parameter of Dy, then Q, (II) is
a totally ramified extension of Q, of degree h. Now Q,(T) C D, is a totally
ramified extension of @, of degree p"~!(p — 1). Let L be a totally ramified
extension of Q,(7) of degree r. Then L can he embedded in Dy, over @,(T) as a
totally ramified extension of Q,, of degree h. Let Il be a uniformizing parameter
for this embedding, which will then also be a uniformizing parameter for D;,. We
have

Qp - Qp(?) - Qp(n) C Dh-

Next we show that the element 5 such that @ =575~ can be chosen so that
it is a unit in E, = Endg, (F/(Z,.Z,)). From this it follows that

1

3 € Auty, (Fi{Z1. Z5)) C Autx, (F,[Z]).
Clearly ¥ = ull™ for some unit. u € Ej,. Hence

7= ull"TIO ™! = u7u"t,
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since IT and 7 both lie in the field @, (II) so commute past each other. We replace
5 by u.
Finally, let
T= <1‘9(C(n)) = [C(?Z)]Fl (Z)

and choose v € Autr(R[Z]) such that ymod 7 = 7. Set 0 = y7y~!, which is an
order p™ automorphism of R[Z] lifting & as required.

OBSERVATIONS. 1. We note that if p # 2, then the only finite p-groups con-
tained in the multiplicative group of Dy, are the p power cyclic groups. Indeed,
if G € Dy is a non-cyclic p-group, then as p # 2, GG contains a non-cyclic abelian
group, say Go. But then as Q, is the center of D" (see 3.1(v)) it follows that
Q, (Go) is a subfield of Dy. The only finite subgroups of the multiplicative group
of a field are the cyclic ones, which is a contradiction as Go C Q,(Go)*. Hence
for p # 2 the formal groups can only be applied to the lifting problem for cyclic
groups. For p = 2 the division algebra D), contains the quarterion group, which
doesn’t contain a non-cyclic abelian subgroup — so the argument does not apply
here.

2. The order p™ automorphisms of R[Z], respectively k[Z], which are deter-
mined by a Lubin-Tate formal group as above are very special, as can be seen
from their fixed point geometry and associated Hurwitz data, which is described
briefly in [G-M2], pages 279-281. There, this is discussed as part of a general
study of order p automorphisms of the p-adic open disc, their fixed point geom-
etry types and classification under certain assumptions. Results obtained there,
as well as those obtained subsequently by Henrio in [He] characterizing possible
fixed point geometry types for order p automorphisms, show that the order p au-
tomorphisms determined by a Lubin—Tate formal group form a very small class
among those of order p of R[Z], respectively k[Z].

REALIZING SMOOTH LIFTINGS OF GALOIS COVERS OF CURVES. Applying
Theorem 4.1 above together with Theorem 2.1 and the local-global-principle for
smooth liftings mentioned in the introduction, we obtain the existence of smooth
liftings of galois covers of smooth curves from characteristic p to characteristic
0, provided the p-part of the inertia groups acting on the completion of the local
rings at the points of the cover over k are p-power cyclic and determined by the
endomorphism of a suitable formal group over k. More precisely:

THEOREM 4.2: Let f: C — C/G := D be a G-galois cover of proper integral
smooth curves over k. For each y € C we denote the p-part of the corresponding
inertia group by (I,),. Suppose that, (I,), is p™v-cyclic and that, if ny > 3, the
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embedding (I,)p C Autk(@c,y) =~ Auty(k[Z]) factors through Auty(F(Z1, Z2))
for some one dimensional formal group F(Z,, Z5) over k of height

hy = rpvHp - 1), (r,p)=1.

Let n = maxy(ny) and ((,y be a primitive p"-root of unity. Then f can be lifted
over R = W (k)[((n)] as a G-galois cover of smooth integral proper R-curves.
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